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Abstract 



Assuming that the superconductivity which is described by the low energy 
effective action of the anyon system may be type II, we discuss its character- 
istics. We also study physical properties of the Chern-Simons vortices, which 
may be formed as the external magnetic field is applied to the system, such 
as their statistics, the free energy of single vortex and the interaction energy 
between two vortices. 
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In a seminal paper |IJ Fetter, Hanna and Laughlin made an important step in the anyon 
superconductivity , showing that a neutral gas of anyons has a massless Goldstone mode 
and exhibits the Meissner effect. Their work has been further extended by Chen, Halperin, 
Wilczek and Witten ||. Banks and Lykken Q then subsequently found that it is possible 
to describe the system in terms of a standard Landau-Ginzburg order parameter if the 
radiatively induced Chern-Simons term cancels its bare counterpart. However, there are 
many subjects to be clarified before the anyon superconductivity is accepted as a realistic 
model for the high-T c superconductivity. One of them is the issue raised by the recent 
observation || that all known high-T c superconductors are of type II: The issue is whether 
the anyon superconductivity can be extended to describe the type II superconductivity. The 
purpose of this paper is to discuss the anyon superconductivity in the framework of the type 
II superconducitvity theory and to study physical properties of the Chern-Simons vortices 
which play an important role in the type II anyon superconductivity. 

In the Abelian-Higgs model with the Chern-Simons term || there exist vortex solutions of 
finite energy as in the case where the Chern-Simons term is absent. However, these Chern- 
Simons vortices have distinctive characters: Carrying both electric charge and magnetic 
flux, they acquire fractional spins and satisfy exotic statistics. The Chern-Simons term |7| 
introduces the Aharonov-Bohm || interaction between the vortices, endowing them with the 
magnetic fluxes. In this respect, the effect of the Chern-Simons term in the 2+1 dimensional 
Abelian-Higgs model is similar to that of the CP violating term 9F*F in the four dimensional 
non- Abelian-Higgs model which leads to the dyon ||. The Chern-Simons vortex persists 
T0|JTT|| even in the Chern-Simons-Higgs model |12| where the Maxwell term is suppressed. 



Moreover, in such a case the vortex solutions can be self-dual, satisfying the Bogomol'nyi 
conditions ||13|| , provided that the Higgs potential is of a certain form. 

The anyon superconductor theory may be described by the Lagrangian density |3J 

L = -\f, u F^ - Uf^r + (F vX + 2/„ A ) (1) 

where n and k are constants and is the statistical gauge field, f^ u = d^a u — d u a^. Its 



non-relativistic version has been discussed in refs. The Lagrangian density may be 

derived as a low-energy effective action for the system of anyons with the electromagnetic 
interaction 

L = -~F^F» V + K'e^\f uX + $ (D ■ 7 + m) $ (2) 
where _D M = <9 M + ie(A M — a M ). The relativistic effective Lagrangian for the fermion field 



ip may result from some microscopic model such as that of ref. [14]]. Integrating out the 
fermion field ip results in the effective action 

-ilnDet(D-7 + m), (3) 

which has the low-energy expansion []f|,|15[ given by 

1 e 2 ,„ „ „ „,„„ e 2 m ^ x 
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We may remove F^F^ and f^F^ terms in the above low-energy expansion by shifting the 
statistical gauge field, a M — > a M + Thus, the low-energy effective action for the system 
of anyons with the electromagnetic interaction is written as / L e g where 

1 1 P 2 P 2 77? 

L eS = —F^ - ——f v r + —^e^a.U + ^ A (A, + a,) (F uX + f uX ) . (5) 
4 487r \m\ lo7r \m\ 

From the effective action Eq.([5]) we may read the condition |4[ for the massless Goldstone 
mode to exist: The radiatively induced Chern-Simons term for the statistical gauge field 
cancels its bare term 

&2 m fR\ 

i07T \m\ 

This cancellation, which would not occur if ip is nonrelativistic, holds up exactly all higher 
order due to the non-renormalization theorem p~6|Jl~T|] for the Chern-Simons term. Note that 
the fermion ip has a statistical phase 9 = ±2tt with the above value of k', so the Chern- 
Simons interaction does not alter the statistics of ip. Comparison of Eq.([IJ) and Eq.(^) yields 
the two constants II and k 



The field equations of motion which result from the Lagrangian density Eq.(|l]) are 

d v F^ - 2ke^ x (F vX + f uX ) = 0, (8a) 

ILd u f' w - Ker x d„A x = 0. (8b) 

Eq. fl8"rj|) is satisfied if we take 

$v» = ^ uX A x + C6^ x d x <j) (9) 

where c is a non-zero constant and will be chosen -jj for convenience. Then the equations 
of motion are rewritten as 

2k 

d v F» v - 2ne^ x F uX - — (8^ + 2^) = 0, (10a) 

d fl (dy + 2KA^) = 0. (10b) 

Eq.( |10b|) is the Bianchi identity 

d,*F = d, (\^ uX f»x) = 0. (11) 
One easily identifies Eq. ( |10"D as the equations of motion which follow from the Lagrangian 
L = --F^ + Ke fluX A^F u \ + ^ (d»<j> + 2kA») 2 • (12) 
The obtained Lagrangian Eq. (|12|) is similar to that of the well-known Landau- Ginzburg 



model [18 1 or equivalently the Abelian-Higgs model. If it were not for the Chern-Simons 



term, it would be considered as the Abelian-Higgs model 

L = + \ \(d, + i2eA„) X \ 2 + V(\ X \) (13) 

in the London limit [O] where the expectation value of \x\ is kept constant. The London 



limit is particularly useful to describe the vortex of type II superconductor pD|pT[ | in that 



the coherence length £ characterizing the size of the core of the vortex is much smaller than 



other characteristic lengths, and the variation of the order parameter |x| is negligible outside 
of the core. Note that, however, the vortex solutions apparently look singular in the London 
limit. This observation suggests that, although the vortex solutions to be explored in what 
follows are singular, they may be relevant to the anyon superconductivity. Therefore, it 
is meaningful to study the vortex solution of the Lagrangian Eq. flT2|) and to discuss their 
roles in the anyon superconductivity in the context of the type II superconductor theory. 
Recalling that the most physical properties of the vortex in the type II superconductor can 
be well described without invoking the inside structure of the core, we expect that we get a 
fairly good description of the type II anyon superconductor. 

For a static solution the equations of motion Eq.fllOD reduce to 

djF ij - Ane^djAo - ^ (<9> + 2kA 1 ) = (14a) 

4k 2 

V 2 A - —A + AkH = (14b) 

d i (d i <l) + 2KA i ) =0 (14c) 

where H = — ^e^F^. Choosing the Coulomb gauge d l Ai = 0, we set A, = e^d 3 f. Taking 
the Ansatz for the axially symmetric vortex solution of vorticity n 

A = A (r), f = f(r), and cf> = -nQ, (15) 

we can further reduce the equations of motion to 



(V 2 -//)/- 4/^o = 




(V 2 - A - AnV 2 f = (16b) 

where /z 2 = The reason to take the third condition in the Ansatz Eq.(|T5|) is that we 
may identify as a Goldstone mode, i.e., 

X = \x\e^, (17) 
which follows from the comparison of Eq.(|l^) with Eq . (Il3|) . Concurrently we find that 
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(18) 



With some algebra we can solve exactly the differential equations ( |T6| ) 

nil 1 1 

f(r) = ~ 4e(n + 1) (K (a + r) + lnr) + ^—^ (A (a_r) + lnr)j (19a) 

K.Tl. /\ 

A (r) = -— [A (a+r) - A^ (a_r)] (19b) 



2eIT 



where a± = 2|/t| (A -1 ± 1) and A = J < 1. The electric charge density associated with 
the vortex is simply jo = h 2 Aq. Here Kq is the modified Bessel function which we represent 

as 

d 2 k e - ik -( x - x ') 



(20) 



2tt P + z/ 2 ' 

The total magnetic flux $ and the electric charge Q of the vortex which the solution Eq.(|T9"D 



describes are 



df 

d 2 xH = -2nr-!- 



Q = J d 2 xn 2 A c 



dr 
ne m 

4 Iml 



7m 

e 



(21a) 
(21b) 



The relation between $ and Q can be read from the equations of motion, so it applies to 
general static solutions. According to Eq. (f2T|) and Eq.(|7]) the vortex itself is an anyon with 
the statistical parameter 



n 2 m 



-7T. 



(22) 



Note that the statistical parameter for the vortex of vorticity n depends upon the charge of 
X which we assign to it. If we choose the charge of \ to be pe, the statistical parameter for 
the vortex would read as 



0, 



n 2 m 



2p 2 \m\ 



-IT. 



We choose here 2e for the charge of Xi because we consider \ corresponds to the bound state 
of a pair of ip. 
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Making use of the analytic exact expression Eq. fll9|) , we can evaluate the electric and 
magnetic fields that the vortex carries 



E(x) 



x n 2 n 



r 2n 

-V 2 /(r 
n 2 n 



l(l + A)K 1 (a + r)-(l-A)K 1 (a„r) 



e n 



[(1 + A)K (a + r) + (1 - A)^ (a_r)] 



(23a) 



(23b) 



By means of the asymptotic expressions of the modified Bessel function 



K {x) 



x 



-In — — 7 for i < 1, 



K (x) 



7T 



' — e x for x > 1, 
2x 



we can read the behaviors of the various physical quantities near the core or far from it. In 
particular, we find that the magnetic field behaves as 



HU) 



K n / 7T 



en V 2r 



;i + a) 



/<2_ 



(24) 



for r ^> 5± > £, so the decrease of the field is characterized by two penetration depth 
parameters 5±. The analytic expression Eq.(|i~9D also enables us to evaluate the free energy 
(or the mass of the vortex) of a single vortex with vorticity n 



F n = J d 2 x {^-{H 2 + E 2 ) + i (ak 2 A 2 q + (aV + 2k A' 



en A \ ■ 
2tt V 1611/ 



1 - A 



In (5-/0 



(25) 



Here we assume that the contribution from the inside region of the core is negligible. (This 
is true if the inside of the core is described by Ginzburg-Landau type Lagrangian.) Note 
that the coherence length £ cannot be determined by the Lagrangian Eq . (|T2|) and may be 
fixed by some higher powers of fields which are suppressed in the Lagrangian Eq. ([!]). Here 
we take it as a phemenological parameter characterzing the theory. However, since F n has 
logarithmic accuracy, it is insensitive to the precise value of £. Equation ([25]) indicates that 
the mass F n is proportional to n 2 as in the case of the usual type II superconductor vortex, 
therefore, formation of vortex lines with one flux quantum is the most favourable. 
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The interaction energy of two vortices at a distance d S> £ can be calculated similarly. 
Thanks to the linearity of the equations of motion Eq. (|T4|) which are valid outside of the 
core, the system of two vortices at a distance d ^> £ can be described by a superposition 
of the fields of individual vortices. To evaluate the interaction energy F12 of two vortices 
we calculate the total free energy of the system, then substract the masses of the individual 
vortices from it. Using the equations of motion Eq.fll4|), we rewrite the free energy as 

F(H, A a )= l -j <Px (h 2 + E 2 + fAl + i (d, (H + 4kA,)) 2 ) 

where S is the boundary of the two dimensional space. For the system under discussion 
the total free energy is given by F(H T , Aq) with H T (r) = H(r — Ti) + H(r — r 2 ), Aq (r) = 
A (r — Ti) + A (r — r 2 ) and S composed of two small circles, say, Si and S2, enclosing the 
cores of the vortices. Here A (r) and H(r) are the fields describing a single vortex located 
at r of which explicit expressions are given by Eq.( |19b| ) and Eq. (|23b| ). Accordingly the 
interaction energy F 12 is given by 



F 12 (d) = ~J s dl-v(A + ^(H + 4kA )^J (r - n) 



A) + \ (H + AkAo)) (r - r 2 ) + (1^2) 



f< 2 



1 fen\ 2 (1 - A 



2\ 



- 



[(1 - A)K (a + d) + (1 + A)tf (a_d)] • (27) 



7T V16/ A 2 

The interaction is always repulsive as in the ususal case of the type II superconductor. 

A few brief comments are in order on the critical fields of the anyon superconductiv- 
ity model. The clear distinction between type I and type II superconductors lies in their 
magnetic properties. A typical type II superconductor has two critical fields, H c \ and H C 2\ 
When the applied magnetic field H is smaller than H&, the superconductor exhibits the 
perfect Meissner effect. As the applied field exceeds H&, the vortices begin to form and 
for H c \ < H < H C 2 the specimen enters a new state called mixed state where a lattice of 
supercurrent vortices is formed. Finally for H > H c2 the specimen becomes normal. The 
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critical field H& can be determined by making use of the analytic expression of the free 
energy of a single vortex Eq.(|25|). If the free energy of the single F n vortex is smaller than 
the magnetic energy Fm, the formation of a vortex is favourable. The vortex of the vorticity 
n first appears when 

F n = $ n H cl . (28) 

This yields H c \ 

= — - (MVO + H&-H)) • (29) 

Tin OZ7T 

But the critical field H C 2 cannot be determined by the given Lagrangian Eq.(|l|). In order 
to evaluate it we may need the terms of higher powers in fields which are suppressed in the 
effective action. 

We conclude this paper with some remarks on what remains to be discussed further. In 
this paper we explored the effective action for the anyon superconductor in the context of 
the type II superconductivity theory and showed that it is certainly possible for the anyon 
superconductor to be type II. However, there are several subjects to be clarified in the future 
works. We expect that the magnetization curve of the anyon superconductor near the critical 
field H c i may radically differ from that of regular type II superconductor. The reason is that 
there are two penetration depth parameters instead of one and the vortex of the lowest free 
energy satisfies the fractional statistics rather than the bose statistics. Our discussion of 
this paper shows that it is urgent to investigate the question of whether the terms of higher 
powers in fields may improve the theory (e.g. they render the vortex solutions regular) and 
help us to determine £ and H C 2. Last but not least, it is also important to clearly understand 
the effect of the four-fermi interaction |22[ , in the anyon superconductor theory, which plays 
an essential role in the ordinary BCS type superconductor theory. 
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